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Abstract 



' An a- Wiener bridge is a one-parameter generalization of the usual Wiener bridge, 

where the parameter a > represents a mean reversion force to zero. We generalize 

. the notion of a- Wiener bridges to continuous functions a : [0, T) — >■ R. We show that 

Oh . if the limit Y\m.t\T oi{t) exists and is positive, then a general a- Wiener bridge is in fact 

\ a bridge in the sense that it converges to at time T with probability one. Further, 

\ under the condition \im.j^x Oi{t) 7^ 1 we show that the law of the general a- Wiener 

bridge can not coincide with the law of any non time- homogeneous Ornstein-Uhlenbeck 

type bridge. In case limj-|-j' Q(t) = 1 we determine all the Ornstein-Uhlenbeck type 

^ processes from which one can derive the general a- Wiener bridge by conditioning the 

00 ■ original Ornstein-Uhlenbeck type process to be in zero at time T. 

00 

(N : 1 Introduction 

o _ 

This paper deals with the so-called a- Wiener bridges. Let T G (0, 00) be fixed. For all 
a G M, let us consider the stochastic differential equation (SDE) 

\dXt = -^^Xtdt + dBt, te[0,T), 



1.1 




T-t 

0, 



where (-Bjt^o is a one-dimensional standard Wiener process defined on a filtered probability 
space {Q,A, {At)t^o, P) satisfying the usual conditions (the filtration being constructed by 
the help of -B), i.e., {fl,A,P) is complete, {At)t^o is right continuous, ^0 contains all the 
P-nuU sets in A and Aoo = A, where Aoo '■= o' [[J^^^ At) , see, e.g., Karatzas and Shreve 
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[T2l Section 5. 2. A]. By 0ksendal [T5l Theorem 5.2.1] or Jacod and Shiryaev [HI Chapter III, 
Theorem 2.32], the SDE f ll.ip has a unique strong solution, namely. 



as it can be checked by Ito's formula. The Gauss process {Xt)te[o.T) given by (11.21) is called 
an a- Wiener bridge. More generally, we call any almost surely continuous (Gauss) process 
on the time interval [0,T) having the same finite-dimensional distributions as (Xt)tg[o,T) 
an a- Wiener bridge. To our knowledge, these kinds of processes have been first considered 
in the case of a > by Brennan and Schwartz [7]; see also Mansuy [Hj. In Brennan 
and Schwartz [7], a- Wiener bridges (with a > 0) are used to model the arbitrage profit 
associated with a given futures contract in the absence of transaction costs. Sondermann, 
Trede and Wilfiing [20] and Trede and Wilfiing [21] use the SDE dUI]) (with a > 0) to 
describe the fundamental component of an exchange rate process and they call the process 
X a scaled Brownian bridge. The essence of these models is that the coefficient of Xt in 
the drift term in (11.11) represents some kind of mean reversion, a stabilizing force that keeps 
pulling the process towards its mean (i.e., to zero), and the absolute value of this force is 
increasing proportionally to the inverse of the remaining time T — t, with the rate constant 
a. Note also that in case of a = 1 the process {Xt)te[o,T) is nothing else but the usual 
Wiener bridge (from to over [0,T]). 

It is known that in case of a > 0, the a- Wiener bridge {Xt)te[o^T) given by (11.21) has an 
almost surely continuous extension (Xjtg^o.T] to the time-interval [0,T] such that Xt = 
with probability one, see, e.g., Mansuy [HI page 1023] or Barczy and Pap [3l Lemma 3.1]. 
For positive values of a, the possibility of such an extension is based on a strong law of 
large numbers for square integrable local martingales. In case of « ^ 0, there does not exist 
an almost surely continuous extension of the process {Xt)te[o,T) onto [0, T] which would 
take some constant at time T with probability one (i.e., which would be a bridge). Indeed, 
for a = the process X is nothing else but a standard Wiener process (which is not a 
constant at time T with probability one), and in case of a < it can be checked that 
the second moment of Xt (given by (II. 2p ) converges to infinity as t 'j" T. Hence in case 
of a < the assumption of the existence of an almost surely continuous extension to [0, T] 
such that this extension takes some constant at time T with probability one (i.e., we have 
a bridge) would result in a contradiction. We note that another proof of the impossibility 
of such an extension in the case of a < can be found in Barczy and Pap [51 Remark 
3.5]. For a detailed discussion of sample path properties of a- Wiener bridges, see Barczy 
and Pap [3] . Finally we remark that an a-Wiener bridge (for all a G M) can be represented 
as a space-time transformed Wiener process, for a detailed discussion see Barczy and Igloi 
[H Remark 2.4]. 

The main contribution of the present paper is a detailed study of the question of so-called 
identical bridges for «- Wiener bridges. Up to our knowledge these kinds of investigations 
were started by Benjamini and Lee [S] for usual Wiener bridges. They determined all the 
one-dimensional diffusion processes (It)j^o being weak solutions of the SDE 



(1.2) 





(1.3) 



dYt = b{Yt) dt + dB, 



t ^ 0, 
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which satisfy the following property: for any T > and any a; G M, the bridge from x to 
X over [0,T] derived from Y is the Wiener bridge from x to x over [0,T]. Namely, under 
the condition that the function 6 : R — M is bounded and twice continuously differentiable 
they showed that either h is constant or 

h{x) = kiaxih.{kx + c), a; G M, A;, c G M. 

This result has been extended by Fitzsimmons [10] in two ways. Firstly, he studied bridges 
constructed from more general time-homogeneous Markov processes with values in an ab- 
stract state space under suitable regularity conditions. Secondly, under some additional 
continuity condition, he showed that if X and Y are time-homogeneous Markov processes 
(with values in an abstract state space) and there exist real numbers xq, ^ 1^ and Tq > 
such that the law of the bridge from xq to ?/o over [0, Tq] derived from X coincides 
with the law of the bridge from xq to ?/o over [0, Tq] derived from F , then the same 
statement holds for bridges from x to y over [0,T] with arbitrary x,yGM and T > 0. 
Recently, Borodin [6] considered the original question of Benjamini and Lee [5] replacing the 
usual Wiener bridge by the Bessel bridge or the (radial) Ornstein-Uhlenbeck bridge. 

In Section [3] we generalize the notion of a- Wiener bridges. Namely, for T > and a 
continuous function a : [0,T) M we consider the SDE 

rdX, = -^Xidt + di?i, tG[0,T), 
1 ^0 = 0, 

where {Bt)t^Q is a one-dimensional standard Wiener process. This SDE has a unique strong 
solution (Xt)tg[o,T) given in (13. ip which will be called a Wiener bridge with continuously 
varying parameter a or a general a- Wiener bridge. More generally, we call any almost surely 
continuous (Gauss) process on the time interval [0,T) having the same finite-dimensional 
distributions as (Xt)tg[o,T) a general a- Wiener bridge. In Theorem 13. 3 1 we prove that under 
the condition that the limit limt^-r a{t) exists and is positive, we have — )■ almost surely 
as 1 1 which explains that why we can use the expression "bridge" for X (at least under 
the above assumption on a). We also examine the question of identical bridges, i.e., whether 
it is possible to interpret this process as a bridge derived from an Ornstein-Uhlenbeck type 
process {Zt)t^Q given by the SDE 

(1.5) dZt = q{t) Zt dt + a{t) dBt, t ^ 0, 

with an initial condition Zq having a Gauss distribution independent of B, where q : 
[0, oo) — > M and a : [0, oo) — M are continuous functions and {Bt)t^o is a standard Wiener 
process. Here, and in all what follows, by a bridge derived from Z we mean the construction 
presented in Section [2] (summarized in Theorem 12.21 and Definition I2.3p . Theorems 13.71 and 
13.101 give a complete answer to our question in some sense (see also Remark 13. lip . Namely, 
it turns out that lim^^T^ a{t) = 1 is a necessary condition for the existence of such a process 
Z (see Theorem 13. 7p . but it also turns out that this is not a sufficient condition (see Example 
14. ip . In Theorem 13.101 given a continuously differentiable function a with \im.t^^TO.{t) = 1, 
we determine all the Ornstein-Uhlenbeck type processes {Zt)t^o (given by the SDE (11. 5p ) 
such that (for fixed T > 0) the law of the bridge from to over [0, T] derived from 
Z coincides with the law of the general a- Wiener bridge. 
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In Section HI besides giving examples and applications of our results in Section [3], we will 
further examine in detail the special case of a- Wiener bridges for constant a G M. Mansuy 
[m Proposition 4] showed that the law of the a- Wiener bridge with constant a > 0, 
a ^ 1 can not be the same as the law of the bridge derived from a centered Gauss, strictly 
stationary Markov process having almost surely continuous paths. To complement this 
result, in Corollary 14.31 we show that the law of the a- Wiener bridge with constant a G M, 
a ^ 1 can not coincide with the law of the bridge derived from any Ornstein-Uhlenbeck type 
process {Zt)t^Q given by the SDE fll.Sp . Note that the Ornstein-Uhlenbeck type process 
Z is a centered Gauss-Markov process, but in general not time-homogeneous, for a detailed 
discussion see also Section |2l We will also examine what happens in case of a = 1. More 
precisely, in Theorem 14. 51 in the case of a = 1 we determine all the Ornstein-Uhlenbeck type 
processes {Zt)t^Q (given by the SDE (11. 5p ) such that for fixed T > the law of the bridge 
from to over [0,T] derived from Z coincides with the law of the a- Wiener bridge 
with a = 1, i.e., with the law of the usual Wiener bridge. We emphasize that the answer to 
our problem can not be derived from Benjamini and Lee [5] or Fitzsimmons [10]. Indeed, an 
Ornstein-Uhlenbeck type process given by the SDE (II. 5p is in general not time-homogeneous, 
while in [S], [Hj or [TU] the considered processes are time- homogeneous Markov processes. 



2 Preliminaries on Ornstein-Uhlenbeck type bridges 

In this section we recall the notion and properties of Ornstein-Uhlenbeck type bridges to 
such an extent we will need in the following sections. For a more detailed discussion and 
for the proofs of the results, see for example Barczy and Kern [2] (where one can also find 
extensions to multidimensional process bridges). 

Let us consider the SDE (II. 5p . By Section 5.6 in Karatzas and Shreve [12], there exists 
a strong solution of the SDE (II. 5p . namely 

(2.1) Zt = e«"(*) (^Zo + ^ e-'^('V(s) dB.^ with q{t) := q{u) du, t ^ 0, 

and strong uniqueness for the SDE (II. 5p holds, see, e.g., Jacod and Shiryaev [TU Chapter 
III, Theorems 2.32 and 2.33]. Here and in what follows in this section we assume that Zq 
has a Gauss distribution independent of the Wiener process {Bt)t^o- Then we may define 
the filtration {At)t^o such that a{ZQ,Bs : ^ s ^ t} C At for all t ^ 0, see, e.g., 
Karatzas and Shreve [121 Section 5. 2. A]. 

We will call the process {Zt)t^o a one-dimensional Ornstein-Uhlenbeck process with 
continuously varying parameters, or a process of Ornstein-Uhlenbeck type. 

One can easily derive that for ^ s < t we have 

Zt = e^'-'^-^^'^Zs + ^ e^"W-'^("V(M) dBu. 

Hence, given Zg = x, the distribution of Zt does not depend on {Zr)re[o,s) which yields 
that {Zt)t^o is a Markov process. Moreover, for any x G M and ^ s < t the conditional 
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distribution of Zt given Zs= x is Gauss with mean e'^'-*^ '^'^^^x and with variance 

7(s,t) := re2(5W-5H)cr2(^,)clM < cx). 

J s 

In what follows we will make the general assumption that 

(2.2) a{t) ^ for all t ^ 0. 

This guarantees that the variance 7(s,t) is positive for all 0^s<t. Hence {Zt)t^Q is a 
Gauss-Markov process with transition densities 

1 ( (v - e^W"^(*)x)^ 1 

(2.3) pf ,(x, y)= , exp <^ - ^ , ^ — ^- } , 0^s<t, x, y G R, 

^ ' "^'''^ V27r7(s,t) "^l 27(s,t) J ' 

and Z has almost surely continuous paths. 

In Barczy and Kern [2], for fixed T > and a, 6 G M we constructed a Markov process 
(t/t)tg[o,T] with initial distribution P(f/o = a) = 1 and with transition densities 

VsA^^ 6) 

such that Ut b = Ut almost surely and also in as t t T. The process {Ut)te[o,T] 
is called a bridge of Ornstein-Uhlenbeck type from a to 6 over [0,T] derived from Z, 
see also Definition 12.31 The construction is based on Theorem 3.1 in Barczy and Kern [2], 
which we recall now for completeness and for our later purposes. For the proofs, see Barczy 
and Kern [2]. 

For all a, 6 G M and ^ s ^ t < T, let us introduce the notations 

(2.5) n,,(., t) := ^ e^^^^~^^% + 2MIe^-W--(^)a, 

7(s,T) l{s,T) 

and 

7(s,t)7(t,T) 



(2.6) a{s,t) 



2.1 Lemma. Let us suppose that condition (12.21) holds. Let 6 G M andT > be fixed. Then 
for all ^ s < t < T and x,y E M. we have 

plt{x.y)plT{yM 1 I (y-n,,b(s,t))' 

— :exp ' 



pIt^^M ^j2Tia{s,t) \ 2cj{s,t) 

which is a Gauss density (in y) with mean nxfi{s,t) and with variance a{s,t). 

2.2 Theorem. Let us suppose that condition (12. 2p holds. For fixed a, 6 G M and T > 0, let 

the process {Ut)t£[o,T) be given by 

(2.7) Ut = naMt)+ f^^P^e^'^'^-^^'^a{s)dBs, te[0,T). 

Jo 7(-5, J) 
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Then for anyt G [0,T) the distribution of Ut is Gauss with mean na^h{0,t) and with variance 
a{0,t). Especially, Ut b almost surely (and hence in probability) and in L'^ as t ^ T. 
Hence the process {Ut)te[o,T) can be extended to an almost surely (and hence stochastically) 
and L?'- continuous process {Ut)te[o,T] with Uq = a and Ut = b. Moreover, {Ut)te[o,T] is 
a Gauss-Markov process and for any x G M and ^ s < t < T the transition density 
M 9 y (-7- p^^ti^, y) of Ut given Ug = x is given by 

V2^^^(M) [ 2a{s,t) J 
which coincides with the density given in Lemma \2.1\ 

2.3 Definition. Let {Zt)t^o be the linear process given by the SDE (11. 5p with an initial 
Gauss random variable Zq independent of (-Bt)t>o (^i^d let us assume that condition (12 ■2p 
holds. For fixed a,6 G M and T > 0, the process {Ut)t£[o,T] defined in Theorem is 
called a bridge of Ornstein-Uhlenbeck type from a to b over [0,T] derived from Z. More 
generally, we call any almost surely continuous (Gauss) process on the time-interval [0,T] 
having the same finite- dimensional distributions as {Ut)te[o,T] o, bridge of Ornstein- Uhlenbeck 
type from a to b over [0,T] derived from Z. 

One can also derive a SDE which is satisfied by the Ornstein-Uhlenbeck type bridge, 
see for example Theorem 3.3 in Barczy and Kern [2]. For completeness and for our later 
purposes we also recall this result. 

2.4 Lemma. Let us suppose that condition (12. 2p holds. The process {Ut)t£[o,T) defined by 
(12. 7p is a unique strong solution of the linear SDE 



(2.8) dUt 



2{q{T)~q{t)) \ e^{T)-m 



dt + a{t) dBt 



for t G [0,T) and with initial condition Uq = a, and strong uniqueness for the SDE (12. 8 P 
holds. 



Note that an Ornstein-Uhlenbeck type bridge can also be derived using a usual condition- 
ing approach, see, e.g.. Proposition 3.5 in in Barczy and Kern [2]. Again, for completeness 
we also recall this result. 

2.5 Proposition. Let a, 6 G M and T > be fixed. Let {Zt)t^o be the linear process 
given by the SDE (11.51) with initial condition Zq = a and let us assume that condition (12.21) 
holds. Let n E N and < ti < t2 < ■ ■ ■ < tn < T. Then the conditional distribution of 
{Zt^, . . . , Zt^) given Zt = b equals the distribution of {Ut^, ■ ■ ■ , Ut„), where {Ut)t£io,T] is 
an Ornstein-Uhlenbeck type bridge from a to b over [0,T] derived from Z. 

Next we formulate the above presented results in the case of usual Ornstein-Uhlenbeck 
processes and bridges. 
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2.6 Remark. In case of q{t) = g 7^ 0, t ^ 0, and a{t) = a 7^ 0, t ^ 0, the bridge of 
Ornstein-Uhlenbeck type {Ut)t£io,T] from a to 6 over [0,T] defined in f l2.7p has the form 

sinh(g(T-t)) sinh(gt) r Sinh(g(T - 1)) , ^ fn 

smh(gi ) smh(gi ) Jq smh(g(i — s)) 



and admits transition densities 

{{ _ smh{q{t-s)) , _ sinh(g(T-t)) ^ ^ 
I y sinh{g(T-.)) " sinh(q{T-s)) ' 


for all ^ s < t < T and x, y G M, where a{s, t) takes the form 

, ^ a'^ smh{q{T - t)) smh{q{t - s)) 

a{s,t) = ■ , . • 

q smh(g(i — s)) 

Moreover, the SDE (12. 8 p has the form 

dUt = q (- coth(g(T - t)) Ut + sinh(g?r-f)) ) d^ + ^d^^, tG [0,T), 



(2.10) 



Un = a, 



and {Ut)t(^[o,T) given by (12. 9p is a unique strong solution of this SDE. 

In case of q(t) = 0, t ^ 0, and a(t) = a 7^ 0, t ^ 0, we get dZt = crdBt, t ^ 0, and 
by Section 5.6.B in Karatzas and Shreve [I2], the Wiener bridge from a to 6 over [0, T] 
(derived from Z) given by 



(2.11) Ut 



a+(6-a)| + a/o iftG[0,T), 
b if t = T, 



is a unique strong solution of the SDE 



dUt='^dt + adBt, tG[0,r), 
Uq = a. 



□ 



3 General a- Wiener bridges 

In this section first we search for conditions on a under which the general a- Wiener 
bridge converges to almost surely as t 'I T, which will explain that why we can use the 
expression "bridge" (at least under the desired conditions on a). Then we examine whether 
it is possible to derive general a- Wiener bridges from Ornstein-Uhlenbeck type processes 
given by the SDE (II. 5p by taking a bridge. 

Let T > be fixed and for a continuous function a : [0, T) — M let us consider the 
SDE ([H]). 
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3.1 Proposition. The SDE ( 11. 4p has a strong solution given by 

"t ( ft 

T ~u 

and strong uniqueness holds for the SDE fll.4p . 



(3.1) X,= I exp{- I ^^du\dB,, te[0,T), 



Proof. Since for all S G [0, T), the function [0, S*] 9 t i-!- — satisfies the usual Lipschitz 
and linear growth conditions, by 0ksendal [151 Theorem 5.2.1] or Jacod and Shiryaev [TTl 
Chapter III, Theorem 2.32], the linear SDE (11. 4p has a strong solution which is pathwise 
unique (i.e., it has a unique strong solution), and it takes the following form (which can be 
checked by Ito's formula or see, e.g., Karatzas and Shreve [T^ Section 5.6]) 

Xi = $(t) / <^~\s)dB,, [0,T), 
Jo 

where $(t), t G [0,T), is the unique solution of the deterministic differential equation (DE) 

$'(t) = -^$(t), tG[0,T), 



$(0) = 1. 



Hence 



and then 



$(t)=exp|-^ ^d.j, tG[0,T), 







exp{- I ^^^du\ dBs, tG[0,T). 



□ 



We will call the Gauss process {Xt)te[o,T) a Wiener bridge with continuously varying 
parameter a or a general a- Wiener bridge. More generally, we call any almost surely 
continuous (Gauss) process on the time interval [0, T) having the same finite-dimensional 
distributions as (Xf)jg[o,T) a general a- Wiener bridge. 

3.2 Remark. Note that in case of a{t) = a G M, t G [0,T), we have 

Xt = ^ exp |-« ^ dnj dB^ = exp {a(ln(T - t) - ln(T - s))] dB^ 

as expected (see (11. 2p ). □ 

In what follows we give a sufficient condition under which the process {Xt)teio,T) defined 
in (13. ip has an almost surely continuous extension to [0,T] with Xj- = 0, again denoted 
by {Xt)te[o.T]- The next theorem is a generalization of Lemma 3.1 in Barczy and Pap [3] 
to general a- Wiener bridges. 
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3.3 Theorem. Let T G (0, oo) be fixed and let {Bt)t^a he a one- dimensional standard 
Wiener process on a filtered probability space {fl,J^, {J^t)te[o,T), P) satisfying the usual con- 
ditions, constructed by the help of the standard Wiener process B (see, e.g., Karatzas and 
Shreve /HI Section 5. 2. A]). If a{T) := limt-fra(^) exists and a{T) > 0, then the process 
{Xt)te[o,T] defined by 



(3.2) Xt :-- 



/Jexp{-/;gd«} ^f te[0,T), 

^f t = T, 



is a centered Gauss process with almost surely continuous paths. 

Proof. Due to the fact that the integrand in the stochastic integral of (13. 2p is deterministic, 
by Bauer [U Lemma 48.2], {Xt)te[o,T] is a centered Gauss process. To prove almost sure 
continuity of X, we follow the method of the proof of Lemma 3.1 in Barczy and Pap [3]. 
For all te[0,T), let 

Mt:= Texpl r ^^du] dB,. 



JO ^Jo T-u ) 

Then, by Proposition 3.2.10 in Karatzas and Shreve [12], (Mt)t£[o,r) is a continuous, square- 
integrable martingale with respect to the filtration {J^t)t£[o,T) and with quadratic variation 

(M)i := £ exp |2 ^ d^j ds, t G [0, T). 

If Oi{T) := limtf-j'a(t) > exists, then for every < 6i < a{T) < ^2 < + 1/2 one can 
choose to G (0, T) such that 

(3.3) 6,^a{t)^52, te[to,T]. 

First we consider the case a(T) > 1/2. Let 6i and 62 be given such that 1/2 < 61 < 
a(T) < ^2 < ^1 + 1/2- Then for all t G (to, T) we have 

(M), = /^'° exp |2 ^ du^ds + exp |2 j'^ ^ d^j d. 

(3.4) =Ci+exp<j2 / ^;^du\ I exp (2 / p^duX ds 



to 





It 


T - 


u 


a[ 


n) 


T - 


- u 


•{■. 


1: 







to K Jto 



a{u) 

du > ds, 



T-u 



where 



Ci := r exp (2 /' du] ds and C2 := exp (2 ^ du } . 







T — U \ [ In T — u 



Hence for all t G {tQ,T), 



{M)t ^C^ + C2 f exp |25i dnj ds = C^ + (^^^ ) ds 



Ci + C2^^^^^ ((T - t)^-^^^ - (T - to)^-^'0 
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which yields that \imtfT{M)t = oo, since 6i > 1/2. Let us define the function / : [1, oo) — 
(0,00) by f(x) := x^^''^'^^^~^\ X ^ 1. Then / is strictly monotone increasing, since 5i > 
and 62 > 1/2. Further 

where we used that 2(62 — — 1 < 0. Hence we may apply a strong law of large numbers 
for continuous local martingales (see, e.g., 3°) in Exercise 1.16 in Chapter V in Revuz and 
Yor [T7| or Theorem 2.3 in Barczy and Pap [3]) and then we obtain 

(3.6) P (lim „.ff* . = 



yttT f{{M)t) 

Further, for every t G [0,T) such that {M)t ^ 1 we have 

Similarly as above, using (13. 3p . (13. 4p and the monotonicity of / we get 



exp{-£^dn}/((M),) 

^ C3 exp ^* dnj / (^Ci + C2 exp (^262 dnj ds 

= / (c, + C:2^^^^((T - t)^-^^ - (T - to)^"^^^)) 

(3.7) ^^3(^)%(c. + C.i^(T-t)--) 



C3 /'C2(T-(„)2&\'^ 



2- 



where 



C3 := exp <^ - / 6u 

lo T-u 



*° a(u) 



Putting all together, we conclude that P(limt-|-7^ = 0) = 1 in case <y{T) > 1/2. 

Now we consider the case < <y{T) < 1/2. Let 61 and 62 be given such that 
< 5i < «(T) < 62 < Si + 1/2 and 62 < 1/2. Similarly as in the case a(T) > ^, from 
(1331) and (I33D we get for all t e {to,T), 

{M)i ^Ci + C^2^^^^^ ((T - tf-^'^ - (T - to)^-^'^) ^ + C^^^f^ as 1 1 T, 

where we used that 82 < 1/2. This yields that limj-fT(Af)t < 00 if a(T) < 1/2 
(indeed, every bounded and monotone sequence is convergent). Note also that for deriving 
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\imtfT{M)t < oo we did not use that a{T) > 0, only that «(T) < 1/2. Using Proposition 
1.26 in Chapter IV and Proposition 1.8 in Chapter V in Revuz and Yor [T7], we have the 
hmit Mt : = hm^-i-^ Mt exists almost surely. Since 



X, = exp|-£^^dn|M„ te[0,T), 



and 

"* a(u) .1 „ f T -t 



we get P{\\mt\T Xt = 0) = 1 also in case < Oi{T) < 1/2. 

Finally, we consider the case a(T) = 1/2. Since the function [0,T) 9 t H- {M)t is 
strictly increasing, we only have to consider the cases {M)t — )■ oo or (M)^ — )■ {M)x : = 
\im.t^T{M)t < oo as 1 1 ^- If {M)t oo, then (jM]) and (jSTD are still vahd, since (5i > 
and l/2<52<5i + l/2, and hence / is strictly increasing and (13. 5p holds. As in the case 
a{T) > 1/2 we conclude that P{limtiTXt = 0) = 1. If {M)t {M)t < oo, then ^ 
almost surely as t 'j' T as in the case a(T) < 1/2. □ 

3.4 Remark. If a{T) = limti-ra(t) exists and a(T) < 0, then there does not exist an 
almost surely continuous extension of the process {Xt)t(^[o^T) onto [0,T] which would take 
some constant at time T with probability one (i.e., which would be a bridge). Indeed, the 
second moment of Xt converges to infinity as 1 1 which can be checked as follows. We 
get 

E{X^) = exp |-2 1^ duj E(M,2) = exp |-2 ^ duj (M)„ t G [0, T), 

where \imt^'r{M)t < oo (as the proof of Theorem 13.31 shows) and for all t G [^2?^); where 
t2 is such that a{t) ^ a{T)/2, t G [^2,7"], we have 

exp<^-2/ — ^ ^ exp <^ -2 / — ^ dn ^ exp <^ -«(T) / dn 



u \ \ . n T — u \ I T — u 



aiu) 1 f T - t\ "^^^ 
expr2/ ^d. ^oo a. nr. 







In case a(T) = many things can happen concerning the limit behaviour of Xt as 
t T. If a is the identically zero function, then it is already argued in the Introduction 
that Xt '■= limt^T X^ exists almost surely and has a nondegenerate Gauss distribution. If 
a : [0, T) R, a{t) := -(log(T - t G [0, T), and to>T-l, then for all t G [to, T), 

/"* a(u) 

/ 7^ cIm = log(- log(T - t)) - log(- log(T - to)) ^ oo as ttT, 
J to T-u 



which yields 



exp<!- r^dn^^O. 
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As argued in the case < a{T) < 1/2 of the proof of Theorem 13 .31 we have Mt := liiaitfT Mt 
exists almost surely, hence — almost surely. The same argument shows that if 
a : [0, T) ^ M, a{t) := (log(T - t)y\ t G [0, T), then 



;* a{u) 
exp < — / — dw > — )> oo. 



T-u 



Using that Mt is a non-degenerate normally distributed random variable with mean zero 
and variance \im.t^j'{M)t (indeed, normally distributed random variables can converge in 
distribution only to a normally distributed random variable) we have P(Mt = 0) = 0, 
P(Mt > 0) = P(Mt < 0) = 1/2 and hence 

PflimXt = oo) = PflimXt = -oo) = -. 

ttT t^T 2 

Especially, Xt does not have a finite limit as t f T almost surely. 

Finally, we remark that we do not know whether there exists an almost surely continuous 
extension in case the limit of a{t) as t f T does not exist. □ 

Now we turn to the question of identical bridges for general a- Wiener bridges. 

First we prove an auxiliary lemma (and a corollary of it) on the uniqueness of the drift 
and diffusion coefficients of the SDK (11.51) . This result may be known but the authors were 
not able to find any reference for it. We will only need part (iii) of the following lemma but 
the other parts may also be of independent interest. 

3.5 Lemma. Let T > he fixed and let us suppose that the processes (y/*^)tg[o,T)j ^ = 1,2, 



are strong solutions of the SDEs 

■dy/" = 6,(()K/''d( + a.(«)d£?;", (ep.T), ._ 

respectively, where hi, ai : [0,T) — )■ M, i = 1,2, are continuous functions such that aiit) ^ 0, 
t G [0,T), i = 1,2, {Bf^)t^Q, i = 1,2, are one-dimensional standard Wiener processes and 
^^''^ i = 1,2, are Gauss random variahles independent of B^^\ i = 1,2, respectively. 

(i) // the one- dimensional distrihutions of Y^^'^ and Y^'^'^ coincide and E^^^^ = E^^'^'^ ^ 0, 
then hiit) = h2{t), t G [0,T), and \(Ti{t)\ = |(T2(t)|, t G [0,T). 

(ii) If the one- dimensional distrihutions of Y^^^ and Y^'^'^ coincide and ai{t) = a2{t) = a, 
tG[0,T), for some a G M, a ^ 0, then bi{t) = b2it), t e [0,T) . 

(iii) // the one- and two-dimensional distrihutions of Y^^'> and F coincide, respectively, 
then hiit) = h2{t), t G [0,T), and \ai{t)\ = |(T2(t)|, t G [0,T). 



Proof. By Section 5.6 in Karatzas and Shreve [12], we know that both SDEs have a unique 
strong solution that obeys an integral representation 

y« = e^'^*)^^*) + f e^^W"^»(^Vi(s) dSf, t G [0, T), i = 1, 2, 
Jo 
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where bi{t) := /J 6i(s)ds, t G [0,T), z = 1,2, and strong uniqueness holds for both SDEs, 
see, e.g., 0ksendal [13 Theorem 5.2.1] or Jacod and Shiryaev [HI Chapter III, Theorems 
2.32 and 2.33]. By the assumptions, the one-dimensional marginals of the Gauss processes 
QMt)^{i) + J^*e^"W-^"("Vi(s)d5P, t G [0,T), z = 1,2, coincide. Under the assumption that 
the one-dimensional distributions of Y'^^^ and Y^'^^ coincide, we have the means and the 
variances of these one-dimensional marginals are identical, namely. 



(3.8) 

(3.9) e2^i(*)Var(^(i)) 



.6i(*)E^(1) 



,2(bi(t)-f,i(s)) 2 



a2(s)ds = e2^2WVar(e 



(2)^ 



for all t G [0,T). Further, under the assumption that the one- and two-dimensional distri- 
butions of Y^^'^ and F*-^-* coincide, respectively, besides fl3.8p and fl3.9p we also have the 
covariances of the coordinates of the two-dimensional marginals are identical, namely. 



(3.10) 



Var(e(^)) + 



^f)2(s)+fe2(t) 



sAt 



-26i(«) 2 



(Jiiu) du 



Var(e(^); 



iAt 



e-252("V2'(M) du 



s,te[0,T), 



see, e.g., Karatzas and Shreve [121 (5.6.11)]. 

(i): Let us suppose that the one-dimensional distributions of Y^^^ and Y^'^^ coincide 
and E^(^) = E^^^) ^ q ^ave e^^W = e^^W^ t G [0,T), and hence bi{t) = hit), 

t G [0,T). By differentiation with respect to t and using also that 6j, i = 1,2, are 
continuous, we get bi{t) = 62(^)1 t ^ [O;^)- Differentiating f l3.9p with respect to t, we have 



B2^iW26i(t) fvar(e 



af{s)ds +af{t) 



e^'^^'hb^it) ( Var(e(2)) + / e-^''^'^al{s) ds] + a',{t), t G [0,T). 



By (13. 9p and using also that we proved that the continuous functions bi and 62 are equal, 
we get al{t) = al{t),te[Q,T). 

(ii): Let us suppose that the one- dimensional distributions of y'-^^ and Y^'^'^ coincide 
and (Ti(t) = (T2(t) = a,te [0,T), for some a G M, a ^ 0. If E^^^) = E^^^) _^ g, then the 
assertion follows by part (i). If E,^*^^) = E,^^^^ = 0, then differentiating (13. 9p with respect to 
t, we have 

e^^iW26i(t) ( Var (C^^^) + t e-^^^^^) ds^ + a' 



e2^^W262(t) ( Var (e^^^) + / e'^^^^^) ds] + a\ te [0, T) 



Using ([3lD, this yields that 61 (t) = b2it), t E [0,T). 

(iii): Let us suppose that the one- and two-dimensional distributions of Y^^^ and y^^^ 
coincide, respectively. For all fixed s G [0,T), differentiating (l3.1Qp with respect to t on 
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the interval (s,T), we have 

= e^^(^)+^^(*)62(t) (^Var (C^^)) + e-2^^("V2(n) du^ , 0^s<t<T. 

Then f l3.10p yields that bi{t) = 62 (^), ^ £ (0)^)? ^^id the continuity of bi and 62 implies 
that 61(0) = 62(0). For all fixed t G (0,T), differentiating f l3.10p with respect to s on 
the interval (0,t), we have 

for all < s < t < T. Since bi{t) = b2(t), t E [0,T), was already checked, fl3.10p yields 
that crfit) = t G (0,T), and the continuity of di and (T2 implies that cr^(O) = (t|(0). 

□ 

Next we formulate a simple corollary of Lemma 13.51 which will be used several times 
later on in the proofs. 

3.6 Corollary. Let T > he fixed and let us suppose that the processes (Y'/*'')tg[o,T)j 
i = 1,2, are strong solutions of the SDEs given in Lemma \3. 51 Further, let (y/*'')tg[o,T); 
z = 1, 2, he almost surely continuous (Gauss) processes having the same finite dimensional 
distributions as (y/*'')tg[o,r); = 1? 2, respectively. 

(i) // the one- dimensional distributions of Y^^'^ and F coincide and E^*^^-* = E^*^^) 7^ 0, 
then biit) = feaW, t G [0,T), and \ai{t)\ = |(T2(t)|, t G [0,T). 

(ii) If the one- dimensional distributions of Y^^^ and Y^'^'^ coincide and ai{t) = (72 (t) = a, 
te[0,T), for some a G M, a ^ 0, then bi{t) = b2{t), t e [0,T) . 

(iii) If the one- and two-dimensional distributions of Y^^^ and Y^'^^ coincide, respectively, 
then bi{t) = b2{t), t G [0,r), and \(Ji{t)\ = \(X2it)\, t G [0,T). 

Proof. By the assumptions, the one-dimensional distributions of Y^-^^ and Y^'^^ coincide 
and hence Lemma 13.51 yields the assertion. □ 

3.7 Theorem. Let T > be fixed and a : [0, T) — R be a continuous function such that 
limj-t-Ta(t) 7^ 1. There does not exist an Ornstein-Uhlenbeck type process {Zt)t^o given by 
the SDE flL5p such that the law of the Ornstein- Uhlenbeck type bridge from to over 
the time-interval [0, T] derived from Z coincides with the law of the general a- Wiener 
bridge. 

Proof. We give an indirect proof. Let {Zt)t^o be an Ornstein-Uhlenbeck type process 
given by the SDE (11. 5p . Suppose that the law of the Ornstein-Uhlenbeck type bridge from 
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to over [0, T] derived from Z coincides with the law of the general a- Wiener bridge. 
The process (t/t)t6[o,T) given by (12.71) with a = and 6 = is an Ornstein-Uhlenbeck 
type bridge from to over [0,T] derived from Z. By Lemma [2.41 and part (iii) of 
Corollary 13. 6 [ we have 

-q{t)-a\t)^———, te[0,T), and \a{t)\ = l, te[0,T). 



T-t 7(t,T) 
Hence 

a{t) = -{T - t)q{t) + ^ ^— , t e [0, T). 

Using that q is continuous, we have limt-|-r(T — t)q{t) = ■ g(T) = 0, and then 

(T - t)e2(9m-<?(t)) _e^i9(T)-m) _ 2q(t) (T - t)e^(^(T)-m) 

lim = lim — — = lim ^, , 

ttT itr lit,T) t\T _cr^(^t)e^iqiT)~qit)) 

= l + 2\imq(t)(T -t) = 1, 
where we used that 

(3.11) da{u, T) = -a2(u)e2(5(^)-''(")), ^ u < T. 

Hence we arrived at a contradiction. □ 

The next remark shows that there exist general a- Wiener bridges which are bridges 
derived from Ornstein-Uhlenbeck type processes. 

3.8 Remark. Note that if a{t) = q{T - t) coth(g(T - t)), t € [0,r), with some g 7^ 0, 
then the SDE ([13]) has the form 

'AXt = -qcoth{q{T -t))Xtdt + dBt, t G [0,T), 
^0 = 0, 



and, by Remark 12. 6[ this SDE coincides with the SDE satisfied by the Ornstein-Uhlenbeck 
bridge (given in ( 12. 9p ) from to over [0,T] derived from the Ornstein-Uhlenbeck process 
given by the SDE AZt = q Zt dt + dBt, t ^ 0, with an initial condition Zq having a Gauss 
distribution independent of the Wiener process B. By L'Hospital's rule we have 

lima(t) = limg(T - t) coth(g(T - t)) = lim <liT ' t)^osh{q{T - t)) 
trr trr^^ ' " ttT sinh(g(T-t)) 

J. —q cosh(g(T — t)) — q(T — t) sinh(g(T — t)) 

trr -gcosh(g(T - 1)) ' 

as expected by Theorem 13.71 This example shows that there are general a- Wiener bridges 
which can be derived from an Ornstein-Uhlenbeck type process by taking a bridge. For a 
more detailed discussion of this example, see Example 14.21 □ 

In what follows we will study the question whether every general a- Wiener bridge with 
a continuously differentiable a such that \mif\T a{t) = 1 can be derived from some 
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appropriate Ornstein-Uhlenbeck type process by taking a bridge, see Theorem 13.101 First, 
for our later purposes, we recall a well-known result about the solutions of special type of 
Riccati DEs, see, e.g., Reid [111 Chapter I, Theorem 2.2], Vrabie [221 Theorems 1.3.4 and 
1.3.5] or Walter [231 page 33]. 

3.9 Remark. Let / C M be an interval, Jq C / be a subinterval of /, s G /q, and 
c : / — )■ M be a continuous function. Further, let wq : Iq ^ be a solution of the Riccati 
type differential equation 

(3.12) w'{t) = -w'^it) + c{t), t e Iq. 

Then : Jq — M is a solution of the DE (13.121) if and only if there exists a constant 
C G M U {oo} such that Cip{t) + ^{t) ^ 0, t G Jq, and 

where, for C G M, u := dp + ip is the unique solution of the DE 

(3.13) u'{t) - 2wo{t)u{t) = 1, te Jo, 

with an initial condition u{s) = C. For C = oo we mean that w{t) = wo(t), t ^ Iq. □ 

3.10 Theorem. Let T > be fixed and a : [0,T) — ?> R be a continuously differentiable 
function with limt^j- a{t) = 1. 

(i) Let us consider the Ornstein-Uhlenbeck type process {Zt)t^Q given by the SDE (11.51) 
with continuous functions q : [0, oo) — M and a : [0, oo) — )■ M and suppose that q is 
continuously differentiable on [0,T). If the law of the Ornstein-Uhlenbeck type bridge 
from to over the time-interval [0, T] derived from Z coincides with the law 
of the general a- Wiener bridge, then 

, ^ a(t) 1 
(3.14) qit)^ ' 



T-t 



Cexp {-2 ^ d.} + £ exp {-2 J ^ du} d. 



for all t G [0,T) with some C G (0, oo), and a{t) = 1, t G [0,T), or a{t) = — 1, 
t G [0,T). 

(ii) Let C G (0,oo) and define qc : [0,T) ^ M as m fIXTlD . // Yimt^TQcit) e ^ 
exists, then there exists a continuous function q : [0, oo) — > M such that q{t) = qcit), 
t G [0,T), and for all such extensions q, the law of the Ornstein-Uhlenbeck type 
bridge from to over the time-interval [0, T] derived from Z given by the SDE 
(II. 5p with a{t) = 1, t G [0,T), or a(t) = —1, t G [0, T) coincides with the law of the 
general a-Wiener bridge. 

3.11 Remark. Let T > 0, C > and a : [0,T) — )■ M be a continuously differentiable 
function with Yrnvt^^T <^{t) = 1. We call the attention that if we define gc : [0, T) — )■ M as in 
(I3.14p . then it is not sure that limj-fT Q'c(^) exists (see Example 14. ip . which yields that it is 
not sure that qc can be continuously extended onto [0,oo). Hence in this case the general 
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a- Wiener bridge can not be derived from an Ornstein-Uhlenbeck type process by taking a 
bridge, since in our setup the function q in the SDE fll.Sp should be defined on [0, oo). 
We also remark that the derivative of the function a does not appear in the formulation 
of our results in Theorem I3.10[ however we suppose that a is continuously different iable. 
The reason for this is our proof of technique, however one may get rid of this assumption 
using some other approach. Finally, we emphasize that we were not able to derive a general 
sufficient condition on the function a such that in part (ii) of Theorem 13.101 the condition 
on the existence of the limit lim^-i-T^ gc'(t) is satisfied. A special situation is discussed in 
Example 14.11 in the next section. □ 

Proof of Theorem [SIIOl (i): Comparing the SDE ([131) with the SDE for a = and 
6 = 0, part (iii) of Corollary 13.61 implies that 

ait) e2(5(^)-5{*)) 
(3.15) -_iA = g(t)_^2^t)____, tG[0,T), and = 1, te[0,T). 

It yields that q{t) + > 0, t G [0,T), and hence 

g2(g(T)-g(t)) 

7(t, T) = t G [0, T). 

By differentiation with respect to t and using (13. lip , we have for all t G [0,T), 



.g2(g-(T)-g(J)) 



a'(t){T~t)+a{t) 



Hence 

ait)V , .x/.x Ciit)\ a'(t)(T -t) + a(t) , 

^W + ^j =g^(^) + 2g(t)(^g(t) + ^j+ \r^_[y . ie[0,T), 

which yields that 

(3.16) ,'(*) = -f(t) + "W(«W-^iWM(r-i) ^ ^ ^ 

Note that the differential equation (I3.16P is of Riccati type. 

By Remark 13. 9[ we get if g is a particular solution of the DE (I3.16p . then the general 
solution of this DE is ^ 

where u := C ip + C is a general solution of the inhomogeneous linear DE 

(3.17) u\t) - 2q{t)u{t) = 1, t G [0, T), 

such that u{t) ^ 0, t G [0,T). Now we check that q{t) = t G [0,T), is a solution of 

the DE (1316|) . Indeed, 
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and 



.^^t) + ^M^^^) - ^) - - ^) - , - 1) - a'{t){T - t) 



{T-ty {T-tf {T-tf 

a'{t){T -t) + a{t) 



{T-ty 



te[0,T). 



The general solutions of the homogeneous linear DE u'(t) — 2q(t)u(t) = 0, t G [0, T), which 
corresponds to the inhomogeneous linear DE fl3.17p are 



u{t) = Cexp|^ 2g(s)ds| =Cexp|-2^ 



^/s}, te[o,T), cem. 



Now we are searching for a particular solution of the DE (13.1 7p by the method of variation 
of constants. Let 



Uo{t) :=c(t)exp|-2^ 



T-s 

be a (particular) solution of the DE (I3.17p . Then 

1 = u'^it) - 2q{t)uoit) 



,1 /X ( ^ f ctis) , 1 / „x ait) 



T — s J 1^ Jq T — s J T — t 



c'(t)exp I 

+ 2^c(t)exp|-2£^ds}, tG[0,T), 



which yields that 

ais] 



c{t) = exp |2^ 



ds\, te[o,T), 



and hence we may choose 



T-s 



p^du\ds, te[0,T), 
1 — u 



and in this case 



no(t) = ^ exp|-2^ ^^^dnj ds, tG[0,T). 
Hence the general solution of the DE (I3.17P is 

M(t) =Cexp|-2^ ^^dsj +^ exp|-2^ ^^dwj ds, te[0,T), C G M. 

This yields that the general solution of the DE (13.161) is 

qc{t) = --y- + — — ^ -— ^ , tGO,r), 

T-t Cexp {-2 £ g d.} + £exp {-2 J ^ du] ds 
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where Cg]RU{+oo} is such that the denominator 

is not for any t E [0,T). With C = +00 we get (back) the solution q{t) = —jtzi, 
t G [0, T), and for C e M we have 

C exp I -2 ^ dsj + £ exp | -2 ^* ^ dnj ds ^ 0, t G [0, T), 

if and only if 

^'exp|2^'^^d«| ds^-C, tG[0,T). 

This implies that the general solution of the DE fl3.16p is qc(t), t G [0,T), where C G 
R U {+00} is such that 

C^(-^%xp|2£^d«|dt,0 . 
By the proof of Theorem 13.31 we have lim^ir a{t) = 1 yields that 

y exp|2y ^^^dMjdt = oo, 

and hence C G (0, 00]. 

Hence the general solution of the equation (13.151) is qc{^-, t G [0,T), where C G (0, 00). 
Indeed, the case C = +00 has to be excluded, since with C = +00, qc(t) = 
t G [0, T), and in this case it does not hold that qc{t) + ^37 > 0, t G [0, T) (which should be 
valid, see the beginning of the proof), further, by the assumption lim(|2-a(t) = 1, we have 
limt^rp qc{t) = —00, which yields that qc can not be extended to a continuous function 
onto [0, 00). We give another brief explanation why we have to exclude the case C = +00. 
With C = +00 we have qc{t) = —^37, t G [0,T), and thus we would already start with 
the SDE (II. 4p of the general a- Wiener bridge. Hence we would try to derive a bridge from 
the bridge itself, which is not allowed with the procedure described in Section [2l Indeed, 
for the transition densities of the bridge (see formula (12.41) ) we need to know the transition 
density p^j,{x, 0) for the bridge itself which is not defined. 

(ii): The possibility of such an extension follows readily. Comparing the integral rep- 
resentation (13. ip of the general a- Wiener bridge with the integral representation (12. 7p of 
the Ornstein-Uhlenbeck type bridge for a = and b = 0, by the definition of the general 
a- Wiener bridge and Definition 12. 3[ it is enough to check that 

exp I- f^du\ = 24^e^-c(*)-.-c(.), < . ^ t < T, 
^\ Js T-u j 7c(5,T) 

where ^ 

jc{s,t)= I e2(9c-W-5c^H) dw, 0^s<l 
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Indeed, for the case a{t) = —1, t G [0, T), we note that if we replace the Wiener process B 
with —B in f l2.7p we still have an integral representation of the Ornstein-Uhlenbeck type 
bridge from to over [0, T] derived from Z. Using that the function qc satisfies 
the equation flSTTSD . by fl3ll]) . we get for all ^ s ^ t < T, 



* a(u) .1 ( f f , . e^{^c{T)-qc{u)) 



exp^ / ^dn|=exp|y^ [qc{u) - ^^^^^^ j du 

= exp \qc{t) - qc{s) + ln(7c(t,T)) - ln(7c(s,T)) 



lc{s,T)' 

as desired. □ 

3.12 Remark. Note that in Theorem 13.101 the condition limt^TC({t) = 1 on the function 
a is necessary. For this, note that a function q given in Theorem [3ll0] satisfies the equation 
(13.151) and hence, by the proof of Theorem 13.71 we have limt-^T <^{t) = 1. □ 



4 Examples 

First we give examples of continuous functions a : [0,T) — )■ M such that limj-|-7^ = 1 
and, depending on a parameter, the general a- Wiener bridge either can not be derived from 
any Ornstein-Uhlenbeck type process, or it can be derived from an Ornstein-Uhlenbeck type 
process by taking a bridge. 

4.1 Example. Let T > and a : [0,T) R, a{t) := 1 ± (T - t)^, t e [0,T), for some 
(3 > 0. For 0^s<t<r we have 

and especially 
Hence 



exp|-2yj| ^d.} = (^) exp|±|((r-t)/^-T/^)}->0 as tfT 



and 



o >! /.< exp|Tl(T-s)'^ 
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Then for all C G (0, oo) the function qc in Theorem 13.101 takes the form 



^ t exp{T|((r-.)/^-T/^)} 
T2 ^ Jo (T-s)2 



r2 l-t ''J Jo (T-s)2 "■^ 



Here, we get 



exp|T|((r-s)«-T«)| / I- 2 



* 1 



[T-s] 

and 

± (T - = ^^^-^y ^ oo as 1 1 T, 
T-t ^ ' T-t ' ' 

hence, by L'Hospital's rule we have 



ds 



lim F — -7 : r^; = lim 



nr _^ ft cxp{Tf ((T-^)/3-T/3)} ttT exp{Tf ((T-t)/3-T/^)} 

r2 + Jo (T-s)2 

C f 2 



and 



lim(T-t) / ^ ^ , lids = lim ^^^1^ = exp\±lT^\. 

Then we get 

lim ,c W = - lim I (1 T (T - O'O / V_,). ^ ^ T-t 

exp <^ T^T^ 



T2 ^ 1 ' /3 
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Since integration by parts yields that for t G (0,T) 

t exp (T - sr) exp j^f (T - t)4 exp j^f t4 
i i_ H s = — — — 

(T-s)2 T-t T 



exp{Tl{T-sr] 



we have 



/ (7 i\ r 2 1 /■* exp |=f|(T - 



±\im(T-tf / ^—^ ^-ds. 



The function [0,T] 9 t H- exp |=i=|(T — is bounded and hence the first hmit above 

exists if and only if (r_s)2-/3 ds < oo, thus if and only if /3 > 1. On the other hand, for 
the second limit above we get by L'Hospital's rule 



which exists if and only if /3 ^ 1. 

Altogether we conclude that for a(t) = 1 ± (T — t)'^, t G [0,T), for some /3 > 0, the 
limit of q'c'(t) as t ^ T exists if and only if /3 > 1, i.e., for the given function a, the 
general a- Wiener bridge can be derived from an Ornstein-Uhlenbeck type bridge by taking 
a bridge if and only if /3 > 1. 

Further, we note that for the given function a, the limit of the "inhomogeneity part" 
of the Riccati type DE fl3.16p is 

a{t){a{t)-l)-a'{t){T -t) _ ±(1 ± (T - t)^)(T - tf ± (3{T - t)^ 
TtT (r-t)2 ~™ (r-t)2 

= ±lim(T-t)'^-^ {l+^±{T-tf) 

t\l 

and this limit exists if and only if /3 ^ 2. □ 



Next, using Theorem 13.101 we give a detailed study of the example presented in Remark 

m 

4.2 Example. Let T > 0, g ^ 0, and a : [0,T) M, a{t) := q{T - t) coth(g(T - t)), 
t G [0,T). In Remark 13.81 without using Theorem 13.101 we checked that the law of the 
general a- Wiener bridge (with the given function a) coincides with the law of the Ornstein- 
Uhlenbeck bridge from to over [0, T] derived from the Ornstein-Uhlenbeck process 
given by the SDE 

dZt = qZtdt + dBt, t ^ 0, 
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with an initial condition Zq having a Gauss distribution independent of the Wiener process 
B. In what follows we give a presentation of this result using Theorem 13. lUl in order to give 
an application of this theorem. Namely, let 

^ g(l + coth(gT)) ^ °' 
and let us define the function : [0, T) — M as in fl3.14p . Since for all ^ s < t < T, 

f' a{u) , /■* , , 1, /sinh(g(T-t))\ 

/ Tf^<^u = q cothgT-^ d^ = — In . ^ (( ' 

Js T-u J, q \smh{q{T - s)) J 

we have for all t e [0,T), 
qc{t) = -q coth(g(T - t)) + 



sinh(gT) 



= -gcoth(g(r-t)) + 

= -gcoth(g(T-t)) + 
Since for all x 7^ 0, 



sinh(g(T — s)) 
1 



1^1 + coth(x)) "'^(sinh(a;)) ^ — coth(a; 



C^(^^^Sig^) + ^""^T^^»^ (coth(g(T-t))-coth(gr)) 

g(sinh(g(T-t)))-2 
(1 + coth(gT))-i(sinh(gT))-2 + coth(g(T - t)) - coth(gT) ' 

1 cosh(x) 



(sinh(x))^ + cosh(x) sinh(x) sinh(x) 
1 — cosh(x) sinh(a;) — (cosh(x))^ — (sinh(x))^ — cosh(x) sinh(a:) 



sinh(a;)(sinh(x) + cosh(a;)) sinh(x)(sinh(x) + cosh(x)) 

we have 

Since for all x 7^ 0, 

, , , (sinh(x))-2 1 / w N 1 

- coth(x) + ^ / — = - cosh(x) + 



coth(x) — 1 sinh(x) \ cosh(x) — sinh(x) 

cosh(x))^ + cosh(x) sinh(x) + 1 — (sinh(x))^ + cosh(x) sinh(x) 



1, 



sinh(x)(cosh(x) — sinh(x)) sinh(x)(cosh(x) — sinh(x)) 

we have qc(t) = q, t E [0,T). Hence Imitxr Icif) = 1, and then part (ii) of Theorem I3.1UI 
yields the desired statement (formulated at the beginning of the example). □ 

In what follows we examine the special case of general a- Wiener bridges with constant a G 
M, i.e., we specialize our results for (usual) a- Wiener bridges. As an immediate consequence 
of Theorem 13.71 we get: 

4.3 Corollary. Let T > and a G M be fixed such that a ^ 1. There does not exist 
an Ornstein-Uhlenbeck type process {Zt)t^o given by the SDE (11. 5p such that the law of the 
Ornstein-Uhlenbeck type bridge from to over [0,T] derived from Z coincides with 
the law of the a- Wiener bridge. 
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4.4 Remark. We note that in case of a ^ 0, the assertion of Corollary 14.31 follows imme- 
diately without reference to Theorem 13. 7[ Indeed, Ornstein-Uhlenbeck type bridges on the 
time-interval [0, T] are almost surely constant at time T, however in case of a ^ this 
property does not hold for an a- Wiener bridge as it was detailed in the introduction. □ 

The next theorem is a special case of Theorem 13.101 for (usual) a- Wiener bridges. 

4.5 Theorem. Let T > be fixed. Let us consider the Ornstein-Uhlenbeck type process 
{Zt)t^o given by the SDE (11. 5p with continuous functions q : [0, oo) — )• R and a : [0, oo) — > 
M and suppose that q is continuously differentiable on [0, T). Then the law of the Ornstein- 
Uhlenbeck type bridge from to over [0, T] derived from Z coincides with the law of 
the usual Wiener bridge from to over [0, T] if and only if 

with some C G (M \ [-T, 0]) U {+cx)}, and a{t) = 1, t e [0,T), or a{t) = ~1, t e [0,T). 
Note that for C = oo we mean that q{t) = 0, t G [0,7")- 

Proof. We check that Theorem 13.101 implies Theorem 14.51 By assumption the conditions of 
part (i) of Theorem 13. 101 are satisfied with a{t) := 1, t G [0, T). Hence the set of continuous 
functions q : [0, oo) — >■ M which are continuously differentiable on [0,T) and for which the 
law of the Ornstein-Uhlenbeck type bridge from to over [0, T] derived from Z coincides 
with the law of the a- Wiener bridge with a = 1 (i.e., the usual Wiener bridge from to 
over [0,T]) can be parametrized as C* > 0, where for all C > 

icit) = + p zr—^ r . ^ . ^ t G [0,T). 



Then 

qc{t) = + 



C exp { -2 ^ d.} + /* exp { -2 ^ du] d. ' 



T-t Cexp{2(ln(T-t) -ln(T))} + /(;exp{2(ln(T-t) -ln(r-s))}ds 
1 1 _ 1 1 

'^^^(¥)' + /o(|ef)'d.""^ + c(i-^)V(r-t)^(^-i) 

1 1 If T2 



T-t I T-t\ C{T-t)+tT 

-C(T-t)+T(T-t) _ T-C 



Hence 



[T -t){C{T -t)+tT) {T-C)t + CT' 



if C = T, 



qc{t)=\ ^ n^rr fo^all tG[0,T). 

^ I ct It ^ T J- ■, 



T-C 



In case of C = T (and a(t) = 1, t G [0,T)), the process Z in Theorem 13. 101 is a standard 
Wiener process, which corresponds to the case C = +oo in Theorem 14.51 Moreover, since 
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the range of the function (0, +00) \ {T} 9 C is (— 00, — T) U (0, +00), we have the 

family of the given functions g^, C > 0, can be parametrized also in the form 

^cW = 7^' ^e[0,T), 

where C G (R\[— T, 0])U{+oo}. Moreover, since \\mtfT Ici'^) = (T+C)~^, the assumptions 
of part (ii) of Theorem 13.101 are also satisfied. Hence we get Theorem 14.51 □ 

4.6 Remark. Note that for a fixed T > and C G ]R\ [— T, 0], there are many continuous 
functions q : [0, 00) — )■ M for which q{t) = t G [0,T). Note also that for C > 
(C G M) or C = +00 the continuously different iable function q(t) = t ^ 0, does 
not depend on T and hence in this case for all T > the law of the Ornstein-Uhlenbeck 
type bridge from to over [0,T] derived from Z (with this function q and a{t) = 1, 
t G [0,T), or a(t) = —1, t G [0,T)) coincides with the law of the usual Wiener bridge from 
to Dover [0,r]. □ 
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